Abstract-Various clinical applications of high-intensity focused ultrasound have different requirements for the pressure levels and degree of nonlinear waveform distortion at the focus. The goal of this paper is to determine transducer design parameters that produce either a specified shock amplitude in the focal waveform or specified peak pressures while still maintaining quasi-linear conditions at the focus. Multiparametric nonlinear modeling based on the Khokhlov-ZabolotskayaKuznetsov (KZK) equation with an equivalent source boundary condition was employed. Peak pressures, shock amplitudes at the focus, and corresponding source outputs were determined for different transducer geometries and levels of nonlinear distortion. The results are presented in terms of the parameters of an equivalent single-element spherically shaped transducer. The accuracy of the method and its applicability to cases of strongly focused transducers were validated by comparing the KZK modeling data with measurements and nonlinear full diffraction simulations for a single-element source and arrays with 7 and 256 elements. The results provide look-up data for evaluating nonlinear distortions at the focus of existing therapeutic systems as well as for guiding the design of new transducers that generate specified nonlinear fields.
kidneys [4] , liver [5] , breast [6] , and bones [7] . Recently, the first successful surgeries were performed on the brain for treating essential tremor using US irradiation through the skull [8] . Research continues on the possibility of many other applications: targeted drug delivery, mitigating internal bleeding, thrombolysis, stimulating the growth of microvessels after a heart attack, treating arrhythmia, and others.
However, despite the clinical success of HIFU applications, certain drawbacks of current thermal HIFU treatments are apparent. Among them are long treatment times; uncertainty in ablation volumes due to thermal diffusion and perfusion; difficulties in ablating tissue close to vessels, bones, and other critical structures; side effects of near-field heating; and limitations of imaging modalities for treatment monitoring. For example, it takes multiple hours to destroy tumors of several cubic centimeters in size using an MR-guided (MRg) clinical HIFU system [3] .
To overcome these challenges, high-power therapeutic systems capable of generating nonlinear waveforms with highamplitude shock fronts and sonication protocols that utilize the physical effects of shockwaves in tissue have attracted increasing attention from researchers. Thermal treatments can be accelerated using shockwave heating since the efficiency of US energy absorption at the shocks is increased more than tenfold in comparison with harmonic waves of the same amplitude [9] , [10] . Due to fast heating, diffusion effects can be diminished so that the ablated volume follows the geometry of irradiation, enabling treatment of localized volumes close to critical structures. Moreover, as shockwave heating is localized close to the focus, near-field heating effects can be minimized. In addition, fast tissue heating by shocks to boiling temperatures makes it possible to use US imaging to monitor treatments using the echogenicity of vapor bubbles [10] [11] [12] . Several existing clinical systems that utilize real-time US imaging operate at very high in situ intensities and likely produce shock-wave tissue heating and boiling [2] , [13] , [14] .
Besides thermal HIFU, two novel US surgical methods of mechanical tissue ablation (histotripsy) using shockwaves have been recently developed [15] [16] [17] [18] . Both methods use sequences of high-amplitude pulses with a duty factor of <1%. One method uses microsecond-long pulses to fractionate tissue in the focal region by generating a cavitation cloud from an initially induced bubble through a cascade of reflections of high-amplitude shocks [19] . Another method termed boiling histotripsy (BH) uses millisecond-long pulses with shock fronts that induce localized boiling in tissue within each pulse; 0885-3010 © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See ht. tp://ww. w.ieee.org/publications_standards/publications/rights/index.html for more information. further interaction of shockwaves with the vapor cavity results in mechanical tissue fractionation [20] . Despite different physical mechanisms of action, both methods enable mechanical disintegration of tissue into subcellular fragments. To implement various histotripsy treatments, US transducers capable of generating high-amplitude shock fronts (>60 MPa) at the focus are necessary. On the other hand, for certain purely thermal therapies, the absence of shock fronts may be preferable, because shock formation changes the heating pattern in tissue predicted by linear wave propagation models and thus complicates the irradiation protocol. Some recent cavitationbased applications like microtripsy rely on very high peak negative pressures [21] that are difficult to achieve when shocks form and nonlinear saturation effects limit the focal pressures.
To develop HIFU treatments that will either utilize shockwave action or avoid strong nonlinear effects and shocks, it is therefore necessary to determine the parameters of an US source that deliver specified pressure levels at the focus with an optimal degree of nonlinear effects. In [22] , it was proposed that the most important parameter of the source that controls nonlinear effects is its focusing angle, i.e., the angle between the acoustic axis and the path from the focus to the aperture edge. This hypothesis is illustrated in Fig. 1 where pressure amplitude distributions in the axis of linearly focused beams are shown for spherically shaped singleelement sources. Only sources with large apertures compared with a wavelength are considered (ka 1); this criterion is almost satisfied always for medical HIFU transducers. Pressure distributions are calculated using the Rayleigh integral [23] and are normalized to the corresponding maximum values. The focusing angle of a source is characterized by its F-number, which is defined as F # = F/2a for an axisymmetric transducer with focal length F and radius a. As shown in . For transducers with higher F-numbers and thus weaker focusing, the length of the focal diffraction lobe is larger than for the highly focused ones. Nonlinear effects are strongest in the high-amplitude focal region of the beam and accumulate with distance. Assuming that the nonlinear effects outside of the focal lobe are negligible, beams with the same F-number and therefore same length of the focal lobe [ Fig. 1(c) ] should form shock fronts at the same focal pressures, regardless of the transducer aperture 2a. On the contrary, for sources with different F-numbers [ Fig. 1(b) ], shock fronts should form at lower pressure levels in weakly focused beams with longer focal lobes. Thus, by varying the focusing angle of the source, it is possible to achieve a specified degree of nonlinear effects at a certain focal pressure level.
A method of solving such an inverse nonlinear problem has been recently proposed based on multiparametric solutions to the Khokhlov-Zabolotskaya-Kuznetsov (KZK) equation [22] . Using this method, parameters of the planar boundary condition to the KZK model at which certain shock amplitudes are achieved at the focus were determined for continuouswave operating conditions. The goal of this paper is to generalize this previously developed approach to determine transducer parameters that would produce either a specified shock amplitude at the focus or specified peak pressures while still maintaining quasi-linear waveform distortion. It is also proposed to reformulate these results in the context of more realistic sources, including single-element transducers with spherically curved shapes as well as multielement arrays with more complicated geometries.
Toward this end, an equivalent-source approach was used to recalculate parameters of the planar boundary condition to the KZK model to define parameters of an equivalent spherical single-element source [24] . Geometric parameters of spherically shaped transducers and power outputs were determined to achieve specified focal pressures for three characteristic levels of nonlinear distortion: 1) quasi-linear waveforms; 2) waveforms with fully developed shocks; and 3) saturated waveforms. To validate the accuracy of the proposed approach, full diffraction nonlinear Westervelt modeling and high-output characterization measurements were performed for three representative strongly focused HIFU sources: 1) a single-element 1-MHz histotripsy source [25] ; 2) a custom-built 7-element transducer array designed for BH [26] ; and 3) a 256-element HIFU array from a clinical MR-guided HIFU system [27] . A relationship was established between each of these sources and an equivalent singleelement planar source for the parabolic model or a spherical source for the full diffraction model based on matching measured and modeled axial distributions of acoustic pressure at low output levels.
The results of this paper are presented as the dependencies of the peak pressures and shock amplitude in the pressure waveform at the focus as functions of transducer parameters. Three characteristic levels of nonlinear waveform distortion at the focus are considered. Corresponding intensity values at the source at which these distortions are achieved are determined. The quantitative summary of the study is a lookup table for choosing a focusing angle of an HIFU transducer to obtain a certain nonlinear distortion at the focus at the desired pressure levels.
II. METHODS

A. Benchmark Modeling With the Westervelt Equation
Modeling based on the Westervelt equation was used to validate results obtained with the KZK model by simulating nonlinear beam focusing for three representative HIFU sources. To introduce the full 3-D problem and the attendant notations, this model is presented first.
The Westervelt equation [28] has been widely used as an accurate model to simulate nonlinear acoustic beams generated by strongly focused therapeutic sources at different output levels [27] , [29] [30] [31] [32] . The equation includes the effects of nonlinearity, diffraction, and thermoviscous absorption. Details of the numerical algorithm used in this effort have been described in [27] and [33] and are briefly summarized here.
To model a beam propagating in a direction aligned with the spatial coordinate z, the Westervelt equation written in a retarded time coordinate and a corresponding boundary condition in the plane z = 0 can be expressed as follows:
(1) Here, p is the acoustic pressure, τ = t − z/c 0 is the retarded time, = ∂ 2 /∂ x 2 + ∂ 2 /∂y 2 + ∂ 2 /∂z 2 , and c 0 is the sound speed of the medium. In addition, β, ρ 0 , and δ denote the nonlinearity coefficient, density, and diffusivity of sound of the medium, respectively.
For the boundary condition, pressures p(τ, x, y, z = 0) are defined in the plane at the apex of the source, z = 0. These pressures are represented by a single frequency ω 0 = 2π f 0 where f 0 is the cyclical operating frequency of the transducer. For two array transducers considered in this paper, spatial distributions of the initial pressure amplitude p hol 0 (x, y) and phase ϕ hol 0 (x, y) were determined from acoustic holography measurements conducted at low output levels [36] . Measurements to define a hologram were made in a planar region perpendicular to the beam axis between the source and the focus [26] , [27] , [35] . The measured hologram was then linearly backpropagated to define the field in the initial plane of modeling z = 0. For the spherical, single-element transducer, a uniform distribution of the normal component of the vibrational velocity over its surface was assumed. The Rayleigh integral was used to calculate a virtual hologram, which was then backpropagated to the initial plane z = 0 [23] . Finally, boundary conditions obtained at low pressures were scaled in amplitude for multiple simulations over a range of operating output levels.
Numerical solutions of (1) were obtained using a previously developed algorithm [33] . The method of fractional steps with an operator splitting procedure of second-order accuracy over the propagation distance z was employed [29] . The diffraction operator was calculated for the amplitudes of each harmonic using the angular spectrum method [36] , [37] . A Godunov-type scheme was employed for modeling the nonlinear term [38] . The absorption term was calculated in the spectral representation using an exact solution for each harmonic. Simulations were performed in water, with the physical parameters of the propagation medium in (1) chosen as follows: c 0 = 1485 m/s, β = 3.5, ρ 0 = 998 kg/m 3 , and δ = 4.33 · 10 −6 m 2 /s.
B. Nonlinear Parabolic KZK Equation
The axially symmetric KZK equation [39] [40] [41] was used to generate a multiparametric set of numerical solutions within a wide range of geometrical parameters, frequency, and amplitudes of axially symmetric focused US sources. Characteristics of nonlinear pressure waveforms at the focus such as peak pressures, shock amplitude, and waveform asymmetry were obtained. Corresponding intensity levels at the source necessary for achieving such distorted waveforms were calculated.
Then, parameters of the boundary condition to the KZK equation for achieving specified nonlinear pressure waveforms at the focus can be reconstructed by inference from the direct simulation data [22] .
The KZK equation includes a parabolic approximation of diffraction effects that is generally limited to the simulation of weakly focused beams, the focusing angle remaining less than 32° [42] , which is typical for diagnostic applications, but not for strongly focused HIFU fields with focusing angles up to 70°. However, it has been shown in both numerical and experimental studies that certain modifications to the KZK boundary condition yield highly accurate results for simulating acoustic pressures not only in nonlinear beams generated by a planar transducer [43] but also in the focal region of strongly focused sources with F # ∼ 1 [44] , [45] .
The KZK equation with a boundary condition representing a circular uniformly vibrating source with a parabolic phase distribution that provides focusing can be written as [46] 
where (z,r ) are the axial and radial coordinates of the parabolic model and˜ ⊥ = 1/r ∂/∂r (r ∂/∂r ). Here, parameters related to the parabolic approximation are marked by the tilde. To facilitate multiparametric simulations, the KZK equation is rewritten in the dimensionless form [46] ∂ ∂θ
Here, P =p/p 0 is the acoustic pressure normalized to the pressure amplitude at the transducerp 0 , θ = ω 0 (t −z/c 0 ) is the dimensionless retarded time, σ =z/F is the dimensionless axial coordinate normalized to the focal lengthF of the equivalent source, R =r /ã is the radial coordinate normalized to the equivalent source radiusã,
is the transverse Laplace operator for an axially symmetric beam, N = 2πF f 0 βp 0 /c 3 0 ρ 0 is the dimensionless nonlinear parameter, G = π f 0ã 2 /c 0F is the diffraction parameter (the linear coefficient of pressure amplification with respect to the pressure amplitude on the surface of the transducer), and A =Fδω 2 0 /2c 3 0 is the absorption parameter. The value of the absorption coefficient when focusing on water is very small, A 1, and it affects only the fine structure of the shock fronts that are developing in the waveform. Thus, the nonlinear field generated by a focused transducer within the parabolic model (3) will depend only on two parameters: N and G [46] . The nonlinear parameter N characterizes the initial pressure magnitudep 0 at the transducer, and the diffraction parameter G is a combination of two dimensionless parameters kã andF # =F/2ã: G = kã/4F # . All physical parameters of the problem can be therefore reduced to only two dimensionless parameters N and G in (3) .
Simulations were performed for diffraction parameter G changing within the range 10 ≤ G ≤ 100 with step size G = 5. For each value of G, 75 values of the nonlinear parameter within the range 0 < N ≤ 1.5 were considered with variable step sizes: N = 0.01 within the interval 0 < N ≤ 0.5, where nonlinear effects increase rapidly with increasing N and N = 0.04 for 0.5 < N ≤ 1.5, where changes are slower. Additional simulations with smaller steps in N were done around the level of N at which the shock front was formed at the focus and changes in focusing gains are the fastest [22] . Finding numerical solutions within a wide range of values of these two parameters provided data for nonlinear distortion of focal waveforms relevant to medical US fields.
C. Parabolic Equivalent Source Model
As noted earlier, the parabolic diffraction equation is generally limited to the description of weakly focused beams [42] . However, it has been shown that with a certain modification of the boundary condition, the solution of the KZK equation can be used to accurately match low output pressure measurements in the focal region of strongly focused transducers with F # ∼ 1 [44] , [45] . A disc-shaped source with a quadratic radial distribution of phase to provide focusing was considered as a boundary condition to the parabolic model. The amplitude and the aperture of such an equivalent flat source were varied to provide the best fit between linear beam modeling and low output measurements in the focal lobe.
In a recent publication, an exact analytical solution was obtained to relate the initial pressure, F-number, and focal length of a uniformly vibrating single source in the shape of a spherical segment to the parameters of an equivalent flat source defined by the parabolic model (2) . With this solution, the corresponding linear solutions of the full diffraction and parabolic equations agree very well even in several diffraction lobes around the focus [24] . This solution is used here to interpret the results of KZK modeling in terms of the parameters of a physically realistic spherical source. The method to obtain this solution is described in detail in [23] and is briefly presented below.
The idea of the method is to determine the location of the boundary condition plane (focal lengthF), the aperture (radiusã), and the initial pressurep 0 of the equivalent flat source in the parabolic model ( Fig. 2) at which the solutions for acoustic pressure amplitude in the axis of the linear beam coincide at the focus and in the first nulls around it for both the parabolic and full diffraction models. In the case of linear focusing, full diffraction analytic solutions for pressure amplitude distributions in the beam axis can be derived using the Rayleigh integral [23] for spherical sources
and for the focused piston source in the parabolic model Here k = ω 0 /c 0 is the wavenumber and R max = F(1
is the distance between the beam axis at distance z and the edge of the spherical source. The solutions (4) and (5) can be rewritten using the dimensionless axial coordinate originated from the
Then three unknown parameters of the equivalent parabolic source,F,ã, andp 0 , can be obtained from a set of three equations that equalize the pressure amplitude at the focus A(ζ = 0) = A(ζ = 0), and the location of two diffraction nulls adjacent to the focus,ζ 1 = ζ 1 andζ 2 = ζ 2 . Exact analytic solutions can be derived for this set of equations defining the initial pressurep 0 ,F # , and dimensionless focal length kF of the equivalent source [24] . When the source aperture and focal length are large compared with the US wavelength, ka 1 and k F 1, which is almost always correct for HIFU sources, the solutions can be written in a compact form as
Shown in Fig. 3 are the solutions (6) for three parameters F # , kF, andp 0 of the equivalent flat source of the parabolic model plotted as functions of the parameters of the corresponding spherical source. It is seen that modifications to all the equivalent source parameters compared with those to the spherical source parameters depend only on the F-number. Each parameter of the flat source from the parabolic model can therefore be easily related to the corresponding parameter of the spherical source and corresponding Rayleigh integral solution. Consequently, results of the KZK modeling can be reformulated in terms of spherically shaped single-element transducers.
Although matching of the model solutions was only enforced at three points along the beam axis, depicted as circles in Fig. 4(a) , good agreement of pressure amplitude and phase was achieved within a large region around the focus even for a strongly focused beam (Fig. 4) . In Fig. 4 , a spherical 1-MHz transducer is modeled to represent one of the strongly focused sources used later in this paper for experimental validation studies (a = 5 cm, F = 9 cm, and F # = 0.9) [25] . The maximum difference between the results of the parabolic and full diffraction modeling relative to the pressure amplitude at the focus max(|Ã − A|/A(F)) was 0.04% along the beam axis and 3% transverse to the axis within the focal lobe; outside the focal lobe, the maximum difference was 6% [24] .
The analytical results from (6) were validated in [24] by a more general numerical approach for optimizing the selection of equivalent parameters. The idea was to vary parameters of the flat source in the parabolic model so as to provide a minimum of an integral error function 2 dζ between the solutions in the full diffraction and parabolic models. Here A and B are the boundaries of the focal region along the beam axes. A similar approach that relies on matching experimental results of axial beam scans in the focal region and linear parabolic simulations has been used for single-element HIFU sources [44] , [45] . This approach will be also used here for determining equivalent source parameters when modeling the fields of more complex transducers such as multielement arrays.
As shown in this section, the determination of an equivalent parabolic source permits the use of simpler diffraction modeling even for strongly focused sources. Specifically, modeling based on the linearized KZK equation can be accurately matched with the solution to the full diffraction problem based on the linearized Westervelt equation for the focal region of the beam generated by a more realistic source in the shape of a spherical segment. Because nonlinear effects are strongest in the focal region where pressure amplitudes are largest, solutions to the corresponding nonlinear equations for focal pressures obtained by scaling source amplitudes are expected to be very close as well. This result has been shown in [44] and [45] and is further validated here for three representative HIFU transducers that may even lack exact axial symmetry. 
D. Characteristic Levels of Nonlinear Distortion
Transducer parameters that produce specified focal pressures were determined for three characteristic levels of nonlinear waveform distortion as illustrated in Fig. 5 . Nonlinear simulations were performed here for the same single-element spherical source as considered in Fig. 4 . The KZK equation with an equivalent boundary condition determined from (6) was solved for a range of source amplitudes. Shown in Fig. 5 are the simulation results for the peak positive pressure and shock amplitude in the focal waveforms, with specific examples highlighted to illustrate each of the three characteristic levels of nonlinear distortion. The amplitude of the shock front in simulated acoustic waveforms was determined between the time points of the shock front where the time derivative of pressure decreases to a value that is 0.025 times the peak value. This method has been proposed and described in detail in [22] , [47] , and [48] . With this definition, it has been shown that shock-wave heating predicted by the weak shock theory corresponds well to the heating calculated in direct numerical simulations [9] , [10] , [22] .
Level 1 for quasi-linear distortion was defined from the following considerations: the initial increase in source pressure p 0 (Fig. 5) leads to steepening and asymmetric distortion of the focal waveform caused by generation of harmonics and a relative diffraction phase shift between them. A quasilinear waveform distortion is usually defined following the criterion that less than 10% of the full wave intensity is distributed over harmonics of the fundamental frequency [49] . A limiting situation at which exactly 10% of the focal intensity is transferred to higher harmonics will be termed here as quasi-linear distortion [depicted as level 1 in Fig. 5(a) 
Level 2 distortion is characterized by the presence of a fully developed shock, which occurs as the source amplitude p 0 is increased beyond quasi-linear conditions. The shock first appears near the positive peak of the waveform, and with further increase of p 0 , it grows in amplitude so that the bottom edge of the shock moves toward a level of zero pressure. The level of distortion where the shock amplitude A s normalized to the source pressure p 0 reaches a maximum, (A s / p 0 ) = max, will be termed as the level of fully developed shocks (depicted as level 2 in Fig. 5 ). This definition was introduced in [22] to serve as a metric for the characteristic shock amplitude generated by a focused transducer. Such a definition is logical as it corresponds to the maximum focusing gain for the shock amplitude relative to the source pressure. It can be also shown that at this regime, a relative change in the source pressure p 0 / p 0 results in the maximum relative change of the shock amplitude A s /A s and A s /A s = p 0 / p 0 . Interestingly, for this level of distortion, the bottom of the shock is located at the zero pressure level and the shock amplitude is equal to the peak positive pressure [as depicted in Fig. 5(b) ].
After the source output increases beyond the level of a fully developed shock, the shock amplitude still continues to grow (Fig. 5) . However, its growth rate slows down because of strong energy attenuation at the shocks that start to form prefocally. As depicted in Fig. 5 , we define level 3 distortion to be characterized by a degree of nonlinear saturation at which the slope of the curve A s ( p 0 ) decreases to 10% of the maximal value for the condition of fully developed shocks:
In other words, a relative change in the shock amplitude A s /A s for level 3 distortion is only 10% of the corresponding change of the source pressure p 0 / p 0 , indicating indeed a significant amount of saturation.
E. Correlation of Transducer Parameters and Focal Waveform Characteristics
Results of the two-parameter KZK-based simulations (Section II) were used to determine relationships between the parameters of an equivalent flat source from the parabolic model (its geometry and output) and focal waveforms with particular characteristics and levels of nonlinear distortion (peak pressures, p + , p − , and shock amplitude A s ).
While numerical solutions of the KZK (3) were technically obtained for various values of dimensionless parameters N and G, it can be shown that these solutions can be represented in terms of the following three quantities: a characteristic internal pressure of the propagation medium, c 2 0 ρ 0 /2β, the source radius measured in US wavelengths, kã = 2πã/λ, and its F-number,F # . As an example, the solution is described below for determining the amplitude of a fully developed shock at the focusÃ s as a function of parameters of the flat source in the parabolic model.
Each set of KZK-based simulations with a certain diffraction parameter G was analyzed for increasing values of the nonlinear parameter N, which is proportional to the source pressurep 0 . A value N * = N * (G) was determined for achieving level 2 distortion with a fully developed shock at the focus, and the corresponding dimensionless value of the shock amplitudeÃ s /p 0 for this pair of values G and N * (G) was obtained. Such calculations ofÃ s /p 0 were repeated for a set of values of the parameter G to obtain the corresponding tabulated function ψ(G)
According to the definition of the parameters N = F p 2π f 0 βp 0 /c 3 0 ρ 0 and G = kã 2 /4F = kã/4F # , the solution (7) for N = N * can be rewritten in terms of the quantities
The condition N = N * (G) yields a solution for the initial pressure amplitudep 0 at which a fully developed shock is formed at the focus expressed in terms of the same quantities
As mentioned in Section III, there is a single-valued correspondence between the parameters of a flat source of the parabolic model (kã,F # ,p 0 ) and a spherical source (ka, F # , p 0 ) that provides the same pressure field in the focal region in the case of linear propagation [see (6) and Fig. 4 ]. It is assumed that in the case of nonlinear propagation, the predicted focal waveforms will be very similar as well. Indeed, since nonlinear effects are amplitude dependent, they will be strongest in the high pressure focal region and accumulate the same way in the two models as pressure levels are matched [ Fig. 4(a) ]. In particular, the developed shock amplitude in the solutions of the Westervelt and KZK equations will be equal: A s =Ã s . Therefore, the result (8) provides the shock amplitude A s at the focus of a single-element spherical source in terms of its geometrical parameters ka and F # . The corresponding source pressure p 0 can be determined from the relations (6) and the solution (9) . A similar procedure can be employed when determining other parameters of the focal waveforms, namely, the positive and negative peak pressures, and compression and rarefaction phase durations.
Results below are presented in terms of the parameters ka, F # , and p 0 for single-element spherical sources for all three considered levels of waveform distortion as introduced in Section IV: quasi-linear (1), fully developed shocks (2), and saturation (3).
F. Experimental Methods
Three representative strongly focused HIFU sources were considered in this paper to validate the proposed approach.
First, a single-element piezocomposite spherical transducer of 1-MHz frequency (Imasonic, Voray sur I'Ognon, France) designed for histotripsy applications [25] was used in the validation studies. This transducer geometry (a = 5 cm radius, F = 9 cm focal length, and F # = 0.9) was used earlier in the current paper as a benchmark example of a strongly focused single-element source. The transducer was driven with a custom class D amplifier with an appropriate matching network [50] .
Second, a seven-element 1-MHz source designed for BH applications at the University of Washington was considered.
The source was composed of seven circular elements of 5-cm diameter arranged in a confocal configuration to form a source with an overall aperture a = 14.7 cm. The geometric focal length of the source was F = 14 cm (F # = 0.95). The focusing was achieved for each element using flat piezoceramic discs bonded to elliptical plastic lenses in a single housing [51] . All transducer elements were electrically driven in-phase using a class D amplifier similar to that described for the single-element transducer.
A third transducer characterized was a 256-element HIFU array of a Sonalleve V1 3.0T MRg HIFU clinical system (Philips Healthcare, Vantaa, Finland) [27] . The piezocomposite, spherically curved transducer with a geometric aperture a = 63.9 mm and a focal length F = 120 mm, operated at a 1.2-MHz frequency. In practice, the focal length of this transducer is slightly altered from its geometric value due to refraction at the interface between an oil bath surrounding the transducer and an adjacent water bath in which measurements were acquired. The output was controlled by the Sonalleve system to drive all elements in-phase to produce natural focusing.
For each transducer, low output (linear) measurements were performed for setting a boundary condition to the full diffraction nonlinear Westervelt model and determining parameters of two equivalent single-element sources: a spherically shaped transducer for the Westervelt model and a flat circular source for the KZK model. For the two array transducers, holography measurements were performed over a planar region between the source and the focus, perpendicular to the transducer axis using a capsule hydrophone (HGL-0200, Onda Corporation, Sunnyvale, CA) [26] , [27] . The measured hologram was used to define the field in the initial plane of the 3-D full diffraction modeling as described in Section II-A. Axial beam scans through the focus were performed for both the array transducers and the single-element spherical transducer. The focal length, aperture, and amplitude of the corresponding equivalent spherical sources were determined by matching the experimental scans and the exact Rayleigh integral solutions (4) over the −6-dB region of the focal beam lobes. Linear scans were also done in the focal plane in two perpendicular directions and compared with modeling.
High output measurements of the pressure waveforms were performed in a degassed water bath using a fiber optic probe hydrophone (Model FOPH 2000, RP Acoustics, Leutenbach, Germany). Measurements were acquired at the focus over a range of power outputs up to the pressure level where measurements could no longer be acquired due to cavitation or probe tip failure. Raw waveforms were deconvolved from the manufacturer's impulse response for the hydrophone to obtain true pressure waveforms [52] . These results were compared with the modeling results of both the KZK and the Westervelt equations.
III. RESULTS
A. Level 1 Distortion: Quasi-Linear Focal Waveforms
Results are shown in Fig. 6 for level 1 distortion with quasilinear focal waveforms. Peak pressures p + and p − achievable at this low level of nonlinear effects are presented for spherical transducers with different F-numbers and different dimensionless radii ka = 126, 147, 168, 188, 209. Such values of ka correspond, for example, to transducers of the 1-MHz frequency and radii of a = 3, 3.5, 4, 4.5, 5 cm. The largest aperture value of ka = 209 corresponds to the 1-MHz spherical transducer of a 5-cm radius and a 9-cm focal length considered in this paper as a benchmark example of a strongly focused HIFU source.
As shown in Fig. 6 (a), five curves obtained for peak pressures at the focus for different source apertures ka are very close to each other. Therefore, peak pressures in the focal waveform with quasi-linear distortion are indeed determined mostly by the F-number of the transducer. For a given One cycle of quasi-linear focal waveforms p F (θ ) for different transducer focusing angles characterized by F-number: F # = 0.9, 1, 1.5. Here θ = 2π f 0 t is the dimensionless time. A relative time shift between the waveforms is introduced for better visibility.
F-number, the peak pressures only slightly depend on the frequency of the transducer and its aperture (parameter ka), being generally a little higher for larger values of ka, i.e., for higher frequencies or larger apertures.
The output intensity I 0 = p 2 0 /2ρ 0 c 0 at the source at which the focal waveform reaches the defined level of quasilinear distortion depends on both values of ka and F-number [ Fig. 6(b) ]. With the same F-number, higher intensity is required for transducers with smaller apertures ka to provide the same pressure level at the focus. For transducers of the same aperture but different F-numbers, lower intensity I 0 is required for less focused transducers.
Two parameters that describe the waveform asymmetry as a function of the source F-number for different values of ka are shown in Fig. 6(c) : the ratio of peak pressures | p + / p − | and the ratio of durations of the rarefaction and compression phases in the waveform t − /t + . It is seen that focal waveforms are slightly asymmetric at this level of quasi-linear distortion and the asymmetry parameters do not change much with F # [ Fig. 6(c) ]. For the same aperture, for example, ka = 209, the asymmetry in peak pressures | p + / p − | changes from 1.82 for F # = 3 to 1.85 for F # = 0.75. Small asymmetry and variation in durations of the negative and positive pressure phases are also observed. The ratio t − /t + changes from 1.44 for F # = 0.75 to 1.4 for F # = 3 for the largest aperture of ka = 209.
Typical quasi-linear focal waveforms are presented in Fig. 7 for spherically shaped sources with F # = 0.9, 1, and 1.5. For example, a peak positive pressure of 12 MPa and a peak negative pressure of 7 MPa can be achieved at the focus with quasi-linear distortion of the waveform pressures for transducers with F # = 1.
B. Level 2 Distortion: Fully Developed Shocks
This section presents results for the level of distortion that is most interesting for practical implementation in shockwavebased medical technologies. For a single-element spherical transducer, Fig. 8 shows the dependencies of the shock amplitude A s and the peak positive and negative pressures, p + and p − , at the focus as a function of F-number for different dimensionless radii ka = 126, 147, 168, 188, 209.
As shown in Fig. 8(a) , five curves obtained for focal peak pressures and shock amplitudes for different source apertures ka are virtually indistinguishable. Therefore, F-number is indeed the main parameter that determines the pressure levels in the waveform with a fully developed shock at the focus. Similar to the results shown in Fig. 5 , it is also seen that the peak positive pressure in such a waveform is equal to the shock amplitude, A s ≈ p + , for all values of the source F-number. The shock amplitude and peak pressure decrease with F-number, i.e., they have higher values for more strongly focused sources (lower F-numbers).
The output intensity I 0 = p 2 0 /2ρ 0 c 0 at the source at which a fully developed shock is formed at the focus is shown in Fig. 8(b) . It is seen that the source intensity I 0 depends on both values of ka and F # . With the same F-number, higher intensity is required for transducers with smaller apertures to provide the same pressure levels at the focus required for shock formation. As expected, for transducers of the same aperture but different F-numbers, a lower intensity I 0 is needed for less focused transducers where nonlinear effects accumulate over longer distances within the focal lobe [ Fig. 1(b) and (d) ]. However, even for strongly focused sources, realistic intensities at the source of 10-30 W/cm 2 are sufficient to achieve fully developed shocks in water.
Note that according to the results shown in Fig. 8(a) , the amplitude of fully developed shocks and corresponding peak pressures at the focus do not depend on the frequency of the transducer. For the same transducer dimensions, nonlinear effects are stronger for higher operating frequencies f 0 but accumulate over shorter distances in the focal lobe of the beam. Overall, the change in frequency does not change characteristic pressure levels at the focus at which shock fronts are fully developed. However, lower levels of the source output are required [ Fig. 8(b) ] to reach shock formation when operating at higher frequencies (larger ka, k = 2π f 0 /c 0 ) because the focusing gain of the transducer becomes larger. The initial intensity level of the source to achieve a shock of a certain amplitude can thus be controlled by either changing the aperture or the frequency of the source.
For certain applications aimed at utilizing bioeffects induced by shock fronts while avoiding cavitation, minimizing peak negative pressure for a given shock amplitude or peak positive pressure would be beneficial. For cavitation-based therapies, maximizing peak negative pressure in the focal waveform is desirable. The relative duration of the negative pressure phase within one cycle of the waveform is another characteristic that may be useful for evaluating cavitation effects [53] . It is seen that asymmetry in peak pressures | p + / p − | is much stronger for strongly distorted waveforms with fully developed shocks compared with that for quasi-linear waveforms. For example, peak positive pressure is about six times higher than peak negative pressure for sources with F # = 1. For the same aperture, for example, ka = 209, asymmetry in peak pressures is higher for more focused sources, changing from 4.8 for F # = 3 to 6.8 for F # = 0.75. For the same F-number, asymmetry | p + / p − | is slightly higher for sources with larger apertures. The relative asymmetry in durations of the negative and positive pressure phases t − /t + is smaller than the comparable ratio for peak pressure values. The ratio t − /t + is higher for more focused sources, changing from t − /t + = 2.6 for F # = 0.75 to 2.1 for F # = 3 for the largest aperture of ka = 209 considered here.
The properties of the focal pressure fields discussed above are illustrated in more detail in Fig. 9 , where nonlinear waveforms with fully developed shocks at the focus are presented for spherically shaped sources with F # = 0.9, 1, and 1.5. The following waveform details are readily apparent: the shock amplitude A s is indeed larger for strongly focused sources (or small values of F-number), the lower boundary of each shock front is close to zero, and the waveforms are more asymmetric in terms of the ratios | p + / p − | and t − /t + in the more focused beam with the F # = 0.9. A shock amplitude of about 80 MPa and a peak negative pressure of 14 MPa correspond to the representative case of F # = 1, typical for transducers and focal waveforms used in BH [15] , [16] .
C. Level 3 Distortion: Nonlinear Saturation
Parameters of the focal waveform that can be reached with focusing at very high source outputs (level 3 in Fig. 5 ) are depicted in Fig. 10 . Focal waveforms for representative F # = 0.9, 1, and 1.5 are shown in Fig. 11 . Qualitatively, the effects of the F-number and dimensionless source aperture ka on the focal waveform parameters are similar to those observed for distortion levels characterized by quasi-linear waveforms and fully developed shocks. However, certain specific details should be noted.
For strongly focused sources with F # = 0.84, the peak positive pressure p + saturates at 150 MPa; for a weakly focused source with F # = 2, the corresponding saturation pressure p + is only 29 MPa. Saturation levels of peak negative pressure p − are 40 MPa for F # = 0.84 and only 9 MPa for F # = 2. The shock amplitude is higher than the peak positive pressure because the lower edge of the shock has a negative value and almost coincides with the peak negative pressure (Fig. 11 ) and therefore A s = p + + | p − | [ Fig. 10(a)] .
A high source intensity is required [ Fig. 10(b) ] to achieve saturation regimes for strongly focused sources (60-250 W/cm 2 for F # = 1 and ka = 209-126). The saturation regime, however, can be reached when using large apertures, high frequencies, or weak focusing. The waveforms become more symmetric [ Fig. 10(c) ] with a less rounded shape of the negative phase (Fig. 11) in comparison with the waveforms with fully developed shocks (Fig. 9) . The duration of the rarefaction phase is about twice longer than the compression phase and only weakly depends on the transducer F-number. 
D. Experimental Validation of the Simulation Results
The results presented in the previous sections correlate acoustic pressures in nonlinear focal waveforms with geometric parameters and output intensities of single-element spherically shaped transducers. It has been also noted that these data can be used for transducers with more complicated geometries such as HIFU arrays. In this case, parameters of such single-element sources should be determined by matching the Rayleigh integral solution for the source (4) with experimental measurements of the on-axis pressures generated by the real transducer at a low output level. Experimental validation of the accuracy of the proposed approaches and modeling results is presented here for three different types of HIFU transducers (Fig. 12) .
1) Single-Element Source: Experimental linear pressure scans showed that this transducer corresponded very well to the model of a spherical uniformly vibrating source. Indeed, the Rayleigh solution (4) for the axial [ Fig. 12(a) ] pressure distribution normalized to the maximum value A/A max (solid curve) shows good agreement with corresponding lowamplitude pressure measurements in the focal and two adjacent diffraction lobes of the beam (dotted curve). While matching was done based on the axial simulations and measurements, the Rayleigh integral solution in the focal plane also matched the focal lobe in experimental pressure scans very well [ Fig. 12(b) ].
High-output measurements were performed at the focus for nominal electric voltage applied from the amplifier ranging from V 0 = 5 V to 220 V. For setting a boundary condition to the nonlinear full diffraction modeling using the Westervelt equation (1), this voltage range corresponded to initial pressures at the spherical source from p 0 = 0.013 to 0.56 MPa. The parameters of the equivalent flat source of the parabolic KZK equation (2) were determined from (6) as a = 5.7 cm;F = 9.8 cm; andF # = 0.862, kã = 239, andp 0 = 0.917 p 0 . These parameters corresponded to the focusing gain G = kã/4F # = 70 and source output range 0 < N < 0.33.
The simulation results obtained using both the Westervelt and KZK models are compared with the experimental data in Fig. 13 . Focal waveforms modeled and measured for quasilinear conditions (level 1) and conditions with fully developed shocks (level 2) are presented in Fig. 13(a) and (b) , respectively. Experimentally, it was not possible to reach level 3 saturation conditions, so these data are not presented. Shown in Fig. 13(c) are the peak positive p + and peak negative p − pressures in the focal waveforms simulated and measured at increasing voltages V 0 applied to the transducer. Output levels that correspond to waveform distortion at levels 1 and 2 are marked as vertical dashed lines. The scale of initial pressure p 0 in the Westervelt equation is also given in Fig. 13(c) (top) and a photo and a sketch of the transducer are also presented. For focal waveforms, the results of the KZK simulations, Westervelt simulations, and measurements show very good agreement. All three curves for the peak pressures p + and p − obtained using parabolic KZK-based modeling (dashed line), Westervelt full diffraction modeling (solid line), and measurement results at 44 experimental output points (circles) also agree very well. The discrepancy between the results of the KZK modeling and experiment | p KZK − p exp |/ p exp averaged over the output voltage range [ Fig. 13(c) ] was 4% for the peak positive pressure and 5% for the peak negative pressure. These results confirm that the KZK parabolic approximation with an equivalent source boundary condition can be successfully applied to predict nonlinear pressure fields at the focus of a strongly focused spherical transducer over a wide range of output levels.
2) Seven-Element Transducer:
A boundary condition to the Westervelt model for the seven-element array [ Fig. 12(c) ] was set using low-output holography measurements [26] , [34] . Parameters of the equivalent single-element spherical source were determined by minimizing the error function inside the main diffraction lobe on the axis of the linear beam and are given in the caption of transducer, linear pressure amplitudes measured and simulated with the parabolic model in the focal plane of the beam also agree very well in the main diffraction lobe [ Fig. 12(d) ].
The parameters of the parabolic source corresponded to the focusing gain G = 75 and source output range 0 < N < 0.4 for high output measurements performed at the focus for nominal amplifier electric voltages ranging from V 0 = 0 to 120 V. Measured and simulated peak pressures at the focus at increasing source output levels are presented in Fig. 14(c) and agree very well. Focal waveforms [ Fig. 14(a) and (b) ] measured and simulated with the two models are presented for the conditions of quasi-linear focusing (level 1) and fully developed shock fronts (level 2) and they also agree. It was not possible to measure a focal waveform for the saturation regime because cavitation occurred at the tip of the FOPH hydrophone.
The results presented in Fig. 14(c) indicate that the axially symmetric nonlinear parabolic model is capable of predicting focal pressures in nonlinear waveforms at the focus even in the case of a seven-element array with large elements in a geometry that is approximately, but not perfectly, axisymmetric. Here, the difference between the results of the KZK modeling and experiment | p KZK − p exp |/ p exp averaged over the output voltage range was 4% for the peak positive pressure and 6% for the peak negative pressure.
3) 256-Element Array: Shown in Fig. 15 are the results comparing 3-D Westervelt-based modeling, axially symmetric KZK-based modeling, and measurements for the pressure field at the focus of a 256-element clinical HIFU array [27] . Focal waveforms [ Fig. 15(a) and (b) ] that correspond to level 1 quasi-linear distortion and level 2 distortion with fully developed shock fronts are presented along with peak focal pressures at increasing array outputs [ Fig. 15(c)] . Model boundary conditions were set with an approach analogous to that used for the seven-element array. Parameters of the equivalent single-element spherical source are given in the caption of Fig. 15 ; the equivalent parabolic model source parameters were determined asã = 6.8 cm;F = 12 cm; F # = 0.884, kã = 341, andp 0 = 0.678 p 0 . Again, good agreement between modeling and measurement results is demonstrated. The difference between the results of the KZK modeling and experiment | p KZK − p exp |/ p exp averaged over the output voltage range was 8% for the peak positive pressure and 7% for the peak negative pressure. [27] . Measurement data (bold curves for the waveforms and circles for peak pressures) and results from KZK (dashed curves) and Westervelt (solid curves) models are shown for (a) and (b) focal waveforms p F (θ ) and (c) focal peak pressures as a function of the voltage V 0 applied to the transducer surface. The vertical dashed lines mark quasilinear (1) and developed shock (2) levels of distortion and the corresponding waveforms of (a) and (b) are shown. The parameters of an equivalent singleelement spherical source were determined as a = 6 cm, F = 11 cm, F # = 0.922, and ka = 301.
IV. DISCUSSION AND CONCLUSION
In this paper, the inverse problem of choosing parameters of a focused transducer that provides a desired nonlinear pressure field in the focal region is solved. Specifically, geometric parameters of spherically shaped transducers and their power outputs are determined to achieve a desired level of nonlinear waveform distortion with specified pressure levels at the focus in water.
The main results are summarized in Figs. 6, 8, and 10 for three characteristic levels of nonlinear waveform distortion: level 1 for quasi-linear waveforms, level 2 for fully developed shocks, and level 3 for saturated waveforms, respectively. Typical values for transducer F-numbers and focal pressure parameters shown in Figs. 6, 8, and 10 are listed in Table I .
The inverse problem of finding appropriate transducer parameters was solved here by performing a sensitivity analysis of nonlinear acoustic field characteristics at the focus. The axially symmetric parabolic KZK equation was used in multiparametric simulations instead of 3-D full diffraction modeling by the Westervelt equation, which is much more time consuming. An equivalent flat source model was employed as a boundary condition to the KZK equation to mimic focal fields of realistic strongly focused sources. The accuracy of the approach was (Figs. 13-15) .
It was shown that while both the Westervelt and KZK equations rely on a large number of parameters to describe the transducer and the propagation medium, the solution is governed by only three independent parameters, namely, the F-number, the dimensionless aperture ka, and the internal pressure of the medium p * = ρ 0 c 2 0 /2β, as shown in (8) and (9) . This can be confirmed as a general property of both the Westervelt and the KZK equations. Indeed, if acoustic pressurep in the KZK (2) is normalized to the characteristic internal pressure of the propagation medium P =p/ p * and other variables are normalized to the same characteristic values used in (3), then in the absence of dissipation, the KZK (2) can be rewritten as
Equation (10) contains two dimensionless parameters, F # and ka. In addition, the internal pressure of the medium is used as the third parameter to obtain the dimension acoustic pressurẽ p = P · p * . This explains why the solutions (8) and (9) were represented in terms of these three parameters. In some sense, the phenomenon of nonlinear focusing appears to be even simpler. The results of this paper showed that focal pressures corresponding to particular levels of nonlinear waveform distortion in water are mostly determined by only two parameters, the internal pressure in water and the transducer F-number. In strongly focused fields, higher focal pressures are required for nonlinear effects to occur and shock fronts of higher amplitudes to develop. The importance of these two parameters has been revealed in the earlier analytical and numerical studies, where saturation levels of acoustic pressure at the focus were represented as functions of the focusing angle and internal pressure of the medium [54] , [55] .
An important result shown in this paper is that pressure levels at the focus corresponding to a given level of nonlinear distortion are virtually independent of the operational frequency of the source and its aperture in the form of the parameter ka. For example, the amplitude of a fully developed shock at the focus of a source with F # = 1 in water will be the same A s = 80.5 MPa independent of the source frequency (Level 1 in Table I ). It is interesting that transducers of many existing HIFU systems are capable of producing shocks with such amplitudes. However, for sources with the same dimensions, a lower source intensity is required for shock formation at higher operational frequencies.
Beyond conditions for a fully developed shock at the focus, acoustic saturation begins (level 3 in Table I ). Increases in the source pressure have reduced efficiency in increasing peak pressures and the shock amplitude at the focus. For example, for a spherically shaped source of F # = 1, the characteristic saturation level is reached after about a threefold increase in source pressure from the condition of a fully developed shock ( A s = p + = 80.5 MPa, p − = 13.8 MPa). This increased output level yields only a 70% increase in shock amplitude ( A s = 136.5 MPa), a 37% increase of the peak positive pressure ( p + = 110.5 MPa), and a 98% increase of the peak negative pressure ( p − = 27.3 MPa) (Fig. 10) . Experimentally, it was not possible to measure saturated waveforms for transducers considered in this paper due to technical limitations on the source output and the generation of cavitation near the hydrophone.
For practical implementation, a natural question is what could be a metric for the measurements at the focus to decide whether the shock is fully developed or saturation occurs. The corresponding condition is not defined by the shock amplitude A s per se because A s depends also on the source output and F-number. However, the shape of the focal waveform is different for a fully developed shock and a saturated one. As shown here, the shocks can be considered as fully developed when the bottom of the shock is located at the zero pressure level. If the bottom of the shock is above zero pressure, the shock is not fully developed yet, and if it is below zero pressure, saturation starts to occur. When the bottom of the shock coincides with or is very close to the peak negative pressure, then the wave can be considered to represent strong saturation. Therefore, the peculiarities of the waveform distortion may serve as a convenient metric in measurements [22] .
For cavitation-based applications, maximizing peak negative pressures is desired. To achieve high negative pressures, shock formation and saturation effects should be limited to occur only at relatively high focal pressures. For this purpose, more strongly focused transducers should be used (Fig. 6 ). For example, the peak negative pressure for a level 1 quasi-linear waveform is 11.5 MPa for sources with F # = 0.75 and only 3.2 MPa for sources with F # = 1.5 (Fig. 6) .
In addition, cavitation can be enhanced by elongating the rarefaction part of the waveform. In the linear focusing regime, the negative part of the waveform has the same duration as the positive part, i.e., t − /t + = 1 with the negative part lasting for a half cycle. Nonlinear effects tend to increase the duration of the rarefaction phase, with the most dramatic effects occurring for fully developed shocks. In this regime, t − /t + can reach 2.5, which may enhance cavitation activity in the focal region.
The results for focal pressures with a certain degree of nonlinear distortion were obtained here under consideration of free-field focusing in water, using the internal pressure of water in simulations. Equation (10) shows how the modeling or measurements in water can be adapted to biological tissue. First, the internal pressure p * and parameter ka should be rescaled to represent a medium with a different sound speed, density, and nonlinearity parameter. Then, to compensate for tissue absorption, a derating procedure proposed in [56] can be used. It was shown that the shock amplitude and peak pressures in tissue would be the same as those in water if a higher dimensionless source pressure P = p/ p * is used to compensate for linear losses of beam energy in the prefocal region. Note also that when a coupling layer is present between the source and the treatment site, refraction effects can shift the focus and produce a corresponding change in F-number, which should be considered. With these derating steps, the results of measurements or modeling in water can be transferred to tissue. A more general but significantly more complicated patient-specific approach to predict in situ fields for treatment planning would include direct nonlinear modeling in inhomogeneous tissue with acoustic properties reconstructed from 3-D MRI or CT scans [32] and realistic boundary conditions determined from characterization in water [26] , [27] .
The axisymmetric KZK equation has some constraints that may limit the applicability of the proposed design approach to certain sources. Although it has been successfully validated for array transducers with central holes and approximate axial symmetry, highly asymmetric aperture profiles such as rectangular transducers may naturally have different shapes of the focal lobe on the beam axis. In this case, the focal region may not be accurately replicated by an equivalent circular source. The accuracy of the model will be tested in the future to simulate focal pressures generated by such sources.
In summary, the results presented here can provide lookup data for evaluating nonlinear distortions at the focus of existing therapeutic systems as well as for developing new sources that generate specified degrees of nonlinear effects (Table I) . For existing sources, the output at which each characteristic level of nonlinear distortion is achieved can be determined. Inversely, parameters for source geometry and output level can be estimated for designing transducers for therapeutic applications in which specified shock amplitudes or peak pressures without the formation of a shock front are required.
